We address the following question: is it possible to infer global regularity of mild solution from a single approximate solution? Assuming a relatively simple scaleinvariant relation of the size of the approximate solution, the resolution parameter, and the initial energy, we show that the answer is affirmative for a general class of approximate solutions, including Leray's mollified solutions. Two treatments leading to essentially the same conclusion are presented.
Introduction
We consider the Cauchy problem for the three-dimensional incompressible Navier-Stokes equations:
The system has a scaling symmetry:
u(x, t) → λu(λx, λ 2 t), p(x, t) → λ 2 p(λx, λ 2 t), u 0 (x) → λu 0 (λx)
where λ ∈ R. While the global-wellposedness of (NSE) is still not known, a variety of regularized systems obtained by mollifying the nonlinear term are known to be globallywellposed (see e.g. [ 2. The regularization P ε (u∇u), where P ε is an orthogonal projection on L 2 (R 3 ) whose Fourier multiplier is a smooth cutoff function supported in the ball B 2ε −1 and equal to 1 in the ball B ε −1 .
These approximations generate a family of global smooth approximate solutions to (NSE), which can be useful for the construction of global weak solutions. Full information about the behavior of a sequence of approximate solutions as ε ↓ 0 gives information about the exact solution. However, in practice we only have information about finitely many approximate solutions. Let us in fact assume that we know only one approximate solution for a certain value of ε.
Under what conditions can we infer global regularity for the exact solution? This question has been addressed by Li [9] from a computational perspective. He considered a discretized Navier-Stokes system on a polyhedron and showed that: if the numerical solution u ε corresponding to some mesh size ε is of size M (the L ∞ -norm of u ε ) with ε exp(−( u 0 H 1 0 ∩H 2 + 1) α M α ), where α is a large number, then the exact solution is regular for all times. This leads to a type of global regularity criteria based on approximate solutions. It differs from most of the well-known criteria in that they often require some smallness condition on the initial condition (e.g. [2, 4] ) or some symmetry on the initial condition (e.g. [5, 1] ).
In this paper, we investigate a criterion for global regularity based on continuous approximate solutions on the whole space R 3 . In this setting, the problem already contains the key difficulties but is technically simpler. We consider the following regularized Navier-Stokes system:    ∂ t u − ∆u + [u∇u] ε + ∇p = 0, div u = 0, u(·, 0) = u 0 where [u∇u] ε is used as a common notation for two types of regularizations mentioned above. We give a simple criterion involving the resolution parameter ε, the size M (the L ∞ -norm) of the corresponding approximate solution, and the total energy u 0 2 L 2 which guarantees that the exact solution is regular globally. The overall idea is to combine the energy method, which treats temporal asymptotic behaviors, with the perturbation method, which treats finite-time behaviors. The heuristics is quite simple: first, every Leray-Hopf weak solution corresponding to the same initial condition becomes smooth and has good decay after some time T 0 = C u 0 4 L 2 , where C is an absolute constant. This result is due to Leray [8, Para. 34 ]. Secondly, if ε is sufficiently small depending on T 0 and M then u ε stays close to the exact solution u up to time T 0 . By these arguments, it is quite conceivable that a strong solution should exist globally and be of size 2M .
Another natural question is how large ε can be in terms of the "observable" quantity M to still guarantee global regularity of exact solutions. The scaling symmetry turns out to be useful to predict possible answers. Often, the resolution parameter ε can be normalized to have the same scaling as spatial length. Since both ε and M −1 are length scales of the problem, it seems reasonable to pursue the rate of ε M −1 . However, the time-dependence nature complicates the problem. For one reason, the initial energy u 0 2 L 2 also has the same scaling as spatial length and, thus, can be considered as another length scale of the problem. Another reason is that the higher initial energy naturally requires finer resolution in order to capture complex structures of the exact solution at small scales. Our main purpose is to derive a scale-invariant condition essentially of the form ε
. This is an improvement of the condition in [9] , although one should haste to add that our regularizations are different and, in particular, infinite-dimensional.
We present two different methods, one on global scale in space and time, one on local scale, both leading to essentially the same result. In fact, our method is sufficient to deal with more general approximate Navier-Stokes systems of the form:
The regularized Navier-Stokes systems mentioned above are special cases of (NSE) ε . Indeed, in the first case, f ε = 0 and g ε = (u ε −u ε * η ε )⊗u ε , where u ε is the solution of the corresponding regularized system. In the second case, f ε = 0 and g ε = (Id−P ε )(u ε ⊗u ε ). In the global approach, we use the smallness of the error terms f ε and g ε in a global sense to derive a simple proof based on perturbation method. The local approach only requires smallness of the error terms in local sense. The main difficulty is to keep track of the error of approximate solution as it propagates over time. Our main strategy is to estimate the growth of local energy over each small time-step whose length is of order O(M −2 ), and then use a generalized ǫ-regularity criterion to show local regularity. Our main results are the following:
For the regularized systems, Condition (1.1) is automatically satisfied (see Appendix A.2 and A.3). Theorem 1.2. Let q 1 > 5/2, q 2 > 5, ν 1 , σ 1 > 0, ν i , σ i ≥ 0 for i = 2, 3, 4 be such that
For some M > 0, let f ε and g ε be functions satisfying
Notations. We will denote by C a positive absolute constant, by C α,λ,... or C(α, γ, ...) a positive constant depending on α, λ, and so on. We adopt the convention that nonessential constants C may vary from line to line. We use X Y to denote the estimate X ≤ CY for some positive absolute constant C. We also use the following notations:
P denotes Leray projection onto divergence-free fields on R 3 ,
Global picture
Let us recall a useful abstract lemma for Banach spaces: Lemma 2.1. Let X be a Banach space, L : X → X be a continuous linear map with L ≤ λ < 1, and B : X × X → X be a continuous bilinear map with B ≤ γ. For a ∈ X , consider the equation
If 4λ a < (1 − λ) 2 and 0 < r 1 < r 2 are two roots of the equation r = a + λr + γr 2 , then (2.1) has a unique solutionx in the ball {x : x < r 2 }. Moreover, x ≤ r 1 . It is given as the limit in X of the sequence
The proof is a direct application of the Picard's contraction mapping principle (see Appendix A.1). A mild solution of the Navier-Stokes equation with right hand side f + div g is defined by Picard iteration from the equation For u 0 ∈ L ∞ (R 3 ), f = 0 and g = 0, there exists an absolute constant C such that for T = C u 0 −2 L ∞ the equation (2.2) has a solution u ∈ L ∞ (R 3 × (0, T )) and u L ∞ t,x ≤ 2 u 0 L ∞ .
Proof of Theorem 1.1
The main idea is to estimate the growth in L ∞ -norm of v = u − u ǫ after each time step of size τ M −2 . As shown below, v is roughly speaking increased by at most 4 times after each time step, which results in the hypothetical exponential relation between ǫ and M . The key lemma to the proof of Theorem 1.1 is the following. 
Proof. Put λ = ϕ(0) + α. Suppose by contradiction that ϕ(τ ) ≥ 4λ > ϕ(0). By the continuity of ϕ, there exists t ∈ I such that ϕ(t) = 4λ. Then
which implies 1 < 16γλ. This is a contradiction.
Proof of Theorem 1.1. Let C 0 > 0 be an absolute constant such that any mild solution to the (NSE) with initial condition of size u 0 L ∞ < 2M is regular at least until time
} is a small absolute constant to be chosen later. The main idea of proof is to estimate the growth of the difference u − u ε after each time step of size τ . This is done by using Lemma 2.2. Suppose that u is regular on some interval [σ, σ + τ ]. Denote by u σ , u σ ε , f σ ε , g σ ε the time-shifted version of u, u ε , f ε , g ε respectively: u σ (x, t) = u(x, t + σ) and so on. We have
4)
Put
. This is a nondecreasing continuous function on [0, τ ].
where α = CεM 2 , β = Cθ, γ = Cθ M . We now choose θ such that β = Cθ < 1 2 . Put µ 1 = 4 θ 2 and K = 1 θ 2 T M 2 + 2, where ⌊x⌋ denotes the integer part of x. Choose δ 1 sufficiently small such that
For k ≥ 1, denote t k = (k − 1)τ . We show by induction in 2 ≤ j ≤ K that:
(a) u is regular on the time interval (0, t j ],
Because β < 1 2 an αγ < 1 16 , one can apply Lemma 2.2 for ϕ = ϕ 0 . Then ϕ 0 (τ ) < 4α. Thus, (a) and (b) are true when j = 2. Suppose that (a) and (b) hold for 2 ≤ j = k < K. We observe that
.
Therefore, (a) and (b) are true for j = k + 1. The proof by induction completes. We also conclude that u is regular on (0, T ] because Proposition 2.4. Let (u, p) be a mild solution to (NSE) with initial condition u 0 ∈ L 2 ∩ L ∞ , and (u ε , p ε ) be a mild solution to (NSE) ε with the same initial condition and with force terms (f ε , g ε ) satisfying (1.1). There exist absolute constants
Here C is an absolute constant which can be assumed to be large so that
Local picture
The main idea of the proof of Theorem 1.2 is to estimate the growth of the uniform local energy of v = u− u ǫ after each time step of size τ M −2 . Roughly speaking, this energy is increased by at most 4 times after each time step, which also results in a hypothetical exponential relation between ε and M . For initial condition u 0 ∈ E 2 (R 3 ), Lemarié-Rieusset [7, Thm. 33.1] constructed a global weak solution to (NSE) that satisfies a local energy estimate. We will refer to this type of solutions as Leray solutions to (NSE).
Then v is a global weak solution to a generalized Navier-Stokes system. Our main tool is the ǫ-regularity criterion of the generalized Navier-Stokes equations (Proposition 3.9).
Suitable weak solutions to generalized NSE
A pair of functions (u, p) is said to be suitable weak solution to the generalized Navier-Stokes equations
if the following conditions are satisfied.
(ii) They satisfy the equations ∂ t u−∆u+div(a⊗u+u⊗a+u⊗u)+∇p = f +div g and
(iii) The local energy inequality is satisfied:
In other words, there exists a nonnegative locally finite measure µ on O such that 
is continuous. This observation leads to the following property.
Proposition 3.4 implies a slightly stronger version of the local energy inequality: 
We have the following statements.
Thenẽ is continuous on I.
(iii) Define e : I → R, 
For each small δ > 0, let χ δ ∈ C ∞ 0 (I) be a nonnegative function supported in (t 0 , t + δ) and equal to 1 on (t 0 + δ, t). Apply (3.2) for test function
As δ → 0, χ δ converges pointwise to the characteristic function I (t 0 ,t) . The limit of each term in the above integral equation is clear, except for the term
Therefore,
(ii) Let t 0 ∈ I. By definition,ẽ is nondecreasing on I = (α, β), which implies lim sup
. We now show that lim inf
. Let ξ y , ρ y , k y be defined similarly to ξ, ρ, k, except that φ is replaced by φ y . That is,
Let (t n ) be an increasing sequence converging to t 0 . By Proposition 3.4,
Since y is taken arbitrarily in R 3 , lim inf 
Take supremum both sides over s ′ ∈ [t 0 , t):
Taking supremum both sides over y ∈ R 3 , we obtainẽ(t) ≤ẽ(t 0 ) + A|t 0 − t| θ . Thus, lim sup t→t + 0ẽ (t) ≤ẽ(t 0 ). Thenẽ is right-continuous at t 0 because it is nondecreasing.
(iii) Note that by Part (i),
For t 0 ∈ (c, d), e is continuous at t 0 by a proof very similar to Part (ii). Consider the
Thus, e(c) ≤ lim inf
Local energy estimate for suitable weak solutions
Let φ R : R 3 → R be a nonnegative smooth function supported in B 2R , equal to 1 in B R , with derivatives |∇φ R | ≤ AR −1 and |∇ 2 φ R | ≤ AR −2 . One can take, for example,
Proposition 3.6. Let (u, p) be a suitable weak solution to the generalized Navier-Stokes
Then
and there exists a functionp =p(y, s) such that 
Proof. We will use the notations ξ y , ρ y , k y as defined in Proposition 3.5. One can assume c = 0. For convenience, the subscript R in e R (t), φ R,y , etc will be dropped during the proof. By Part (i) of Proposition 3.5, e(t) ≤ e(0 + ) + sup y∈R 3 k y (0, t).It suffices to derive an upper bound of k y (0, t) that is independent of y. Fix y ∈ R 3 . By integration by parts,
By Hölder inequality, u(s) L 3 ≤ u(s)
5)
A combination of two above inequalities yields
By Hölder inequality,
where 1/r = 1/3 − 1/m. By Hölder inequality,|{5}| ≤ u L 10/3 a L 5 ∇u L 2 . By (3.5) and the inequality u(s) L 10/3
x ≤ u(s)
Thus,
The generalized Navier-Stokes equations imply:
Denote D z = B 2R (z) × (0, t). The L 3/2 -norms of the first three terms are estimated thanks to Lemma A.2:
Note that ∇p (4) = f − Pf where P is the Leray projection. Thus, ∇p (4)
x . By Poincaré inequality,
Thus, 
By (3.6), (3.11) and Hölder inequality,
From the estimate of terms {1}, {2},. . . , {9} above, we get the desired estimate for e(t).
Then for all t ∈ I, e(t) ≤ e(c + ) + αe(t) 1/2 + βe(t) + γe(t) 3/2 (3.13)
where 
Proof. By the definition of v, it is a suitable weak solution of the generalized Navier-Stokes equations:
By (1.4) and (1.5),
In Proposition 3.6 take a = u ε and m = 5. We have κ 0,R (t) ≤ Cθ 1/5 κ. Applying these upper bounds of κ 0,R , κ 1,R , κ 2,R in Proposition 3.6, we obtain simple bounds α, β, γ for α R (t), β R (t), γ R (t) respectively.
ǫ-regularity criterion
An ǫ-regularity criterion for the generalized three-dimensional NSE with vanishing right hand side (i.e. when f = 0 and g = 0) has been derived in [1] . In this section, we give a simple generalization of such criterion to the case f ∈ L q 1 , g ∈ L q 2 with q 1 > 5/2, q 2 > 5.
Moreover, u C α par (Q 1/2 ) ≤ C(m, q 1 , q 2 , α, ε). Proof. The case f = 0 and g = 0 was already proved in [1, Thm. 2.1]. Denote byε and C =C(m,ε) the constants found in the case of vanishing forces. Extend a, f and g by zero outside of Q 1 . Let (v, q) be the mild solution to the generalized NSE:
For sufficiently small data, this system has apriori estimate. Specifically, by Lemma
where Q 1 (y) = B 1 (y) × (−1, 0) . The pressure q can be decomposed as q = q (1) + q (2) + q (3) + q (4) where
By Lemma A.2 and (3.17),
One obtains similar estimates for q (2) and q (3) . Term q (4) is estimated the same way as in Proposition 3.6:
Put w = u − v and π = p − q. Then (w, π) is a suitable weak solution of
Choose ε such that b L m (Q 1 ) + w L 3 (Q 1 ) + π −q L 3/2 (Q 1 ) <ε. Then by [1, Thm. 2.1], w C α par (Q 1/2 ) ≤C. Therefore,
Proposition 3.9. Let 0 < θ ≤ 1. Let f ∈ L q 1 (Q r,θ ), g ∈ L q 2 (Q r,θ ), a ∈ L m (Q r,θ ) with div a = 0 where q 1 > 5/2, q 2 > 5, m > 5. Let (u, p) be a suitable weak solution to the generalized NSE on Q r,θ (z 0 ). Let ε > 0 be the constant found in Proposition 3.8. If
then u is α-Hölder continuous on Q r/2,θ (z 0 ) for all
Moreover,
By Proposition 3.8 and the translation and scaling symmetry of the generalized Navier-Stokes equations, u is α-Hölder continuous on Q ρ/2 (z 1 ). Moreover,
The proof is then completed by standard covering argument.
Proof of Theorem 1.2
The proof uses the following lemma. (iii) If 16α 2 ≤ e(c + ) ≤ 1 256γ 2 then e(c + τ ) < 4e(c + ). Proof. Assume c = 0 for simplicity. We use proof by contraction for Part (i)-(iii). (i) Suppose by contradiction that e(τ ) ≥ 16α 2 . Then by the continuity of e, there exists t 0 ∈ (0, τ ] such that e(t 0 ) = 16α 2 . Since β < 1/2 and αγ < 1/16,
This is a contradiction. (ii) Suppose by contradiction that there exists t 0 ∈ (0, τ ] such that e(t 0 ) = 64α 2 . Then
which is a contradiction.
(iii) Put r = e(0 + ). Suppose by contradiction that there exists t ∈ (0, τ ] such that e(t) = 4r 2 . Then which is equivalent to 8γr 2 − r + 2α > 0. This is a contradiction because r lies strictly between two roots of the polynomial 8γs 2 − s + 2α.
Proof of Theorem 1.2.
Put v = u − u ε and q = p − p ε . Then (v, q) is a suitable weak solution of the generalized Navier-Stokes system:
Put r = κ M and τ = θr 2 where 0 < θ, κ ≤ 1 are small absolute constants to be chosen later. For each k ≥ 1, put t k = (k−1)τ 5 . Let φ 1 be a nonnegative smooth function supported in B 2 and equal to 1 in B 1 . Put
By Corollary 3.7, Suppose θ and κ are sufficiently small such that u is regular at least until time τ . Then v is regular on (0, τ ] = (0, t 6 ]. Put ρ = min{ν 1 , σ 1 } and µ 2 = 10 κ 2 θρ . Then
For sufficiently small θ, we have β < 1/2. Then by Lemma 3.10 Part (i), e (5) (t 5 ) ≤ 16α 2 . Therefore, (a) and (b) are true for j = 5. Suppose that (a) and (b) are true for some 5 ≤ j = k < K.
Because v is regular on (0, t k ), by Proposition 3.5 Part (iii) the function e (k+1) can extend to a continuous function on [t k−3 , t k+2 ) with
Note that the last inequality requires smallness of δ 2 = δ 2 (ρ). By Lemma 3.10, Part (ii) and (iii),
Therefore, (b) is true for j = k + 1. It remains to show that v is regular on the interval [t k , t k+1 ). Let ε 0 > 0 be the constant found in Proposition 3.8 (the ǫ-regularity criterion for generalized Navier-Stokes equations). For each z 0 = (x 0 , t k+1 ), denote
Put F (x) = a + Lx + B(x, x). Then F is a continuous map fromB r 2 to itself. For any x, y ∈ B r 2 ,
Take ρ ∈ (r 1 , 1−λ 2γ ). Then F is a contraction mapping from B ρ to itself. By the Contraction Mapping Theorem, F has a unique fixed pointx in B ρ . On the other hand, any fixed point z of F in B r 2 must satisfy
Proof. Let φ : R n → R be a smooth cut-off function supported in B 4R (x 0 ) and equal to 1 in B 2R . Decompose T f as follows:
Because T is a bounded operator on L p (R n ),
For |x − x 0 | ≤ R and |y − x 0 | ≥ 2R,
We see that
Applying this estimate to (A.2), we get
Denote by S k the spherical shell with inner radius k 2 R and outer radius k+1 2 R. Then
Because S k can be covered by C n k n−1 balls of radius R, f L p (S k ) ≤ C n,p k (n−1)/p α. Thus, |{2} − T f (x 0 )| ≤ C n,p βαR −n/p . Therefore, Take L q -norm of both sides with respect to t:
Because S k can be covered by C n k n−1 balls of radius R, f L q t L p x (S k ×Ω) ≤ C n,p k n−1 α. Therefore,
Lemma A.3. Let n ≥ 1 and Q = R n × (0, 1). Let f ∈ L q 1 (Q), g ∈ L q 2 (Q), a ∈ L m (Q) where (n + 2)/2 < q 1 < ∞, q 2 > n + 2 and m > n + 2. There exists a constant ε = ε(n, m, q 1 , q 2 ) > 0 such that if f L q 1 (Q) , g L q 2 (Q) , a L m (Q) < ε then the generalized Navier-Stokes problem:    ∂ t u − ∆u + div(a ⊗ u + u ⊗ a + u ⊗ u) + ∇p = f + div g, div u = 0, u(x, 0) = 0 has a mild solution in L ∞ (Q). Moreover,
and
[u] C α par ≤ C n,α,q 1 ,q 2 ( f L q 1 + g L q 2 ) + C n,α,m a L m u L ∞ + C n,α u 2 On the other hand,
By Lemma 2.1, there exists a constant ε depending on n, m, q 1 , q 2 such that (A.5) has a solution u with u L ∞ ≤ 2 F f + Gg L ∞ ≤ C n,q 1 ,q 2 ( f L q 1 + g L q 2 ) provided that f L q 1 (Q) , g L q 2 (Q) , a L m (Q) < ε. By the regularity theory of heat equation,
[Gg] C α par ≤ C n,α,q 2 g L q 2 ∀ 0 < α < 1 − n + 2 q 2 ,
[Lu] C α par ≤ C n,α,m a ⊗ u + u ⊗ a L m ≤ C n,α,m a L m u L ∞ ∀ 0 < α < 1 − n + 2 m ,
Therefore, u is α-Hölder continuous with respect to parabolic distance for every α satisfying (A.4).
Thus, h ε (t) L 1 x = h 1 (t/ε 2 ) L 1 x e −t/(8ε 2 ) . This implies
